We have derived a generalized one-dimensional time-independent nonlinear Schrödinger equation for the stationary state configurations of supercoiled DNA, based on an elastic rod model which includes deformations of bending, twisting, shear, and extension. Closed-form solutions for the axis of DNA have been obtained in terms of elliptic functions and elliptic integrals. These solutions describe the stationary state configurations of supercoiled DNA.
I. INTRODUCTION
The mathematics of elastic rods has been studied for over two centuries since the days of Daniel Bernoulli and Euler in the 1730s. 1 In 1859 Kirchhoff discovered that the equations that describe the thin elastic rod in equilibrium are mathematically identical to those used to describe the dynamics of the heavy top. 2 The problem of the heavy symmetric top ͑now known as the Lagrange top͒ was solved exactly by Lagrange in 1788.
3 Although Kirchhoff's analogy was very successful in solving the initial value problem of the thin symmetric rod in equilibrium, it did not solve the boundary value problem where the Cartesian coordinates are specified at both ends and the direction of the force in the rod is unknown. In addition, the issues of shearability and extensibility, which are essential properties of all real rods, have been introduced and given attention in recent years.
Meanwhile, the literature of elasticity theory has grown to include more sophisticated integrable ͑or nonintegrable͒ models that describe deformations of shear and extension as well as bending and twisting. For example, nonlinear deformation theories of rods have been formulated by regarding a rod as a curve with a triad of directors defined at each point of the curve. One model is the ''directed'' curve model, where the deformation of the ''directed'' curve consists of displacements of the points on the curve and independent stretches and rotations of the directors. The directors can be interpreted as material elements in the cross section of the rod which account for shearing, extension, bending and twisting effects. The definition of a rod as a curve with a triad of directors leads to a complete description of the strain in a rod. 4 Another equivalent model has been formulated as a three-dimensional elastic theory for rods 5 where the classical Kirchhoff-Love model ͓Refs. 2͑e͒ and 6͔ has been modified to account for shear deformation. In addition, the Hamiltonian structure of nonlinear elasticity theory for rods has been explored, 7 providing a thorough understanding of the mathematical underpinnings of elasticity. Furthermore, several other areas have been studied: 8 ͑a͒ Hamiltonian dynamics of the elastic rod; ͑b͒ conservation laws for the motion of the elastic rod; ͑c͒ traveling waves in the elastic rod; ͑d͒ the interaction of solitary waves in the elastic rod; ͑e͒ the stability of solitary waves in the elastic rod; ͑f͒ large rotatory oscillations of transversely isotropic rods; and ͑g͒ large buckled states of rotating rods. Because the thin elastic rod is often used as a model for the deoxyribonucleic acid ͑DNA͒ molecule, there has been a recent resurgence of interest in applying the theory for the Kirchhoff elastic rod to the phenomenon of DNA supercoiling. [9] [10] [11] [12] [13] [14] Shi and Hearst 15 have recently applied the properties of the thin inextensible and unshearable rod to the properties of supercoiled DNA. They have demonstrated, for the inextensible and unshearable rod, that focusing on curvature (S) ͑where S is the arclength of the centerline͒ and geometric torsion (S), the natural polar coordinates in the rod frame, as opposed to focusing on Euler angles ͕(S),(S),(S)͖, leads to well known nonlinear Schrödinger equations with known solutions. The closed-form solutions for the centerline of the rod in the cylindrical coordinates can be readily obtained in terms of various elliptic functions and elliptic integrals. While we have already presented closed-form solutions for the inextensible and unshearable elastic rod, 15 the solutions of the generalized case presented here are new and will allow for the evaluation of the importance of extensibility and shearability of DNA to its structural properties in the higher cells.
In this manuscript we show that modification of these methods can be used to solve the stationary states of the elastic rod with deformations of shear and extension, as well as deformations of bending and twisting. We demonstrate that focusing on the natural cylindrical coordinates in the rod frame, as opposed to focusing on Euler angles ͕(S),(S),(S)͖, leads to less well known but integrable nonlinear differential equations with known solutions. It is likely that this insight will again provide a path to the solutions of more difficult problems such as those relating to the structures of DNA in the nucleus of the higher cell. a͒ E-mail address: YMS@holmium.cchem.berkeley.edu b͒ E-mail address: JEHearst@LBL.GOV
Organization and scope
In Sec. II we begin with a brief classical overview of the equilibrium equations of the thin elastic rod in a stationary state. We discuss the strategy for solving the equilibrium equations and present the reason we choose cylindrical coordinates both in the lab frame and in the rod frame.
In Sec. III, we present a derivation of the generalized time-independent nonlinear Schrödinger equations which can be used to describe the stationary states of the supercoiled DNA.
In Sec. IV, we present the closed-form solutions of the generalized time-independent nonlinear Schrödinger equation. The solutions can be expressed in terms of elliptic functions and elliptic integrals.
In Sec. V, we present the closed-form solutions for the axis of DNA in cylindrical coordinates. The methods described here also provide the closed-form expressions for the configurational energies, U bend , U twist , U shear , and U extension and the curvature and torsion of the centerline of the rod.
II. STRATEGY FOR SOLVING THE EQUILIBRIUM EQUATIONS

A. Equilibrium equations
We treat the DNA duplex as a bendable, twistable, extensible, and shearable thin elastic rod with circular cross section, characterized by a Young's modulus, E, a shear modulus, G, and a radius of cross section, r DNA . Here and elsewhere in this manuscript ''DNA'' and ''rod'' have the same meaning, as do ''centerline of the rod'' and ''axis of the DNA.'' At each point S on the centerline, R(S), of the thin rod, a localized Cartesian coordinate frame ͑rod frame͒ ͕e 1 (S),e 2 (S),e 3 (S)͖ is affixed with unit vectors e 1 (S) and e 2 (S) in the directions of the principal axes of inertia of its cross section. The third unit vector is determined by e 3 (S)ϭe 1 (S)؋e 2 (S). Because shear deformations of the rod are allowed, the unit vector e 3 (S) usually does not coincide with the unit tangent vector t(S) of the centerline of the rod, whereas e 3 (S) always coincides with t(S) for the unshearable rod ͑with deformations of bending, twisting, and extension only͒. The orientation of the localized coordinate frame at Sϩ⌬S is obtained by an infinitesimal rotation ⌬⍜ of the coordinate frame at S. The velocity of the rotation is the Darboux vector , which is defined as ϭ 1 e 1 ϩ 2 e 2 ϩ 3 e 3 ϭlim ⌬S→0 ͑⌬⍜/⌬S͒ϵ⍜ . ͓Throughout this paper, the superposed dot (˙) means derivative with respect to parameter S.͔ Thus we have ė i ϭ؋e i (iϭ1,2,3). The parameter S, usually chosen as the arclength parameter for the undeformed rod, is no longer the arclength parameter for the deformed rod, since there are deformations of shear and extension. The current arclength of the deformed rod is a function of S, which is often denoted by s(S). The relative position of the localized coordinate frame at Sϩ⌬S is obtained by an infinitesimal translation, ⌬R of the coordinate frame at S. The velocity of the translation is the shift vector ␥, which is defined by lim ⌬S→0 ͑⌬R/⌬S͒ ϵṘ ϭ␥ ϩe 3 ϭ␥ 1 e 1 ϩ␥ 2 e 2 ϩ͑1ϩ␥ 3 ͒e 3 . Thus we identify symbols ͕ 1 , 2 ; 3 ;␥ 1 ,␥ 2 ;␥ 3 ͖ with the deformations: bending͑ϫ2͒; twisting; shear͑ϫ2͒; extension. When ␥ 1 ϭ␥ 2 ϭ0 the rod becomes unshearable. If ␥ 3 is also set to zero, then the rod becomes inextensible as well. Both cases are called the Kirchhoff-Clebsch elastic rod ͑Ref. 6͒.
At a given position ͑say SϭS 0 ͒ along the centerline, there is a cross section upon which internal forces are exerted. One side of the cross section (SϽS 0 ) acts on the other side (SϾS 0 ) and vice versa. The internal forces are resolvable into a force N(S 0 ) and a torque M(S 0 ). At each cross section such a force and torque may be found, giving rise to functions N(S) and M(S) describing a system of stresses on the rod.
If N (e) (S) and M (e) (S) are the externally applied force and torque per unit length, then the stationary state conditions, in the lab frame, are ͑Ref. 5͒:
where Ṙ ϭ␥ϩe 3 ϵ␥ 1 e 1 ϩ␥ 2 e 2 ϩ͑1ϩ␥ 3 ͒e 3 .
͑2.2͒
For small local deformations of the thin rod, torque M(S) and the force N(S) are related to the Darboux vector (S) and shift vector ␥(S) by the linear constitutive relations ͑Hooke's law͒:
The quantity ͑0͒ ϭ 3 ͑0͒ e 3 is the intrinsic constant twist vector expressed in the rod frame. In other words, the undeformed state of DNA is assumed to be straight with no shear and extension but is twisted by 3 ͑0͒ radian per unit length. ͑The DNA duplex helix contains 10.4 basepairs per turn for which 3
͑0͒
ϭ1.78 radian/nm.͒ The quantities I N and I M denote the stiffness tensors of the thin rod with respect to the deformations of bending, twisting, shear, and extension. They are diagonal in the rod frame for an isotropic rod with circular cross section; namely, is the area of the cross section of the rod. The quantities J 1 and J 3 are products of inertia, and they satisfy J 3 ϭ2 J 1 ϭA 2 /4. 16 For convenience we from now on employ the dimensionless variables ͓denoted by the symbol (˜)͔ obtained by the following replacements
Substituting the above replacements into ͑2.1͒ to ͑2.3͒, we find ͓after dropping symbol (˜)͔ that the dimensionless versions of the equilibrium equations ͑2.1͒ and ͑2.2͒ and the constitutive equation ͑2.3͒ remain the same. Equations ͑2.4a͒ and ͑2.4b͒ now become: 
B. Solutions for the cylindrical coordinates (S), (S), and z(S) in quadratures
When the external force and torque are set to zero, i.e., ͑N (e) ,M (e) ͒ϭ͑0,0͒, system ͑2.1͒ has the following symmetries: ͑1͒ the internal force N(S) is a constant vector in the lab frame; ͑2͒ the scalar product of the internal torque M(S) and the internal force N(S) is also a constant of motion: M-NϭP͉N͉ϵPN. These two symmetries can be readily checked from system ͑2.1͒. Thus if we define the negative z axis along the N(S) direction, system ͑2.1͒ is invariant with respect to: ͑1͒ the translation in the z direction; and ͑2͒ the rotation along the z axis. This motivates us to choose cylindrical coordinates R(S)ϭ͕(S),(S),z(S)͖, as opposed to conventional Cartesian coordinates, in the lab frame, to represent the centerline of the rod.
We shall assume here that for all S that ⌽(S) 0, where vector ⌽(S) is defined as
It is obvious that ⌽(S) 0 implies that: ͑1͒ N(S) 0; ͑2͒ M(S) 0; and ͑3͒ M(S) and N(S) are not parallel or antiparallel to each other. The case of ⌽(S)ϭ0 for all S will be considered in Appendix A. Since vector N(S) is a nonzero constant vector in the laboratory with unknown direction and unknown norm Nϵ͉N͉, we can define the z direction unit vector of the lab frame as
͑2.6͒
Since M-NϭP͉N͉ϵPN, M defines a rotation along the z direction. It is obvious that ⌽-Nϭ0. Because of N 0 ͑as we assumed in this section͒, we can define the unit vector in the direction as a ϭ⌽/͉⌽͉.
͑2.7͒
Finally the unit vector in the direction can be defined as a ϭa ؋a z ϭϪ͑⌽؋N͒/͉⌽؋N͉.
͑2.8͒
Since in cylindrical coordinate systems, the position vector R(S) is given by Rϭa ϩza z , we can write its S derivative as Ṙ ϭ a ϩ a ϩż a z .
͑2.9͒
Combining this result with ͑2.2͒, we obtain
From ͑2.1b͒ we have ͑␥ϩe 3 ͒•͑M؋N͒ϭM-Ṁ , therefore we can integrate ͑2.10a͒ and get an explicit expression for the radial coordinate ; namely,
where 0 is an integration constant, which defines one of the cylindrical coordinates ͕ 0 , 0 ,z 0 ͖ of the origin. For convenience we choose it to be zero. Substitution of this result into ͑2.10b͒ leads to
͑2.11b͒
Thus if the components of N, M, and ␥ in the rod frame, N i ϭN-e i , M i ϭM-e i , and ␥ i ϭ␥-e i , are known, then one of the cylindrical coordinates of the centerline of the rod, (S), is readily given, and the other two, (S) and z(S), can be obtained by quadratures. We note that these expressions are robust: They do not depend upon the constitutive relations between the stresses M, N and the strains , ␥; therefore they can be applied to a class of linearly or nonlinearly elastic rod models with arbitrary linear or nonlinear constitutive relations between the stresses M, N and the strains , ␥.
When linear constitutive relations ͑2.3͒ and ͑2.4͒ are used, ͑2.11b͒ and ͑2.10c͒ can be simplified and the results are where C, an arbitrary constant vector in the lab frame, needs to be determined. Substitution of NϭϪNa z , Rϭa ϩza z , and ͑2.11a͒ into ͑2.13͒ leads to
or ͓using ͑2.5͔͒
When S varies the vector ⌽(S) rotates in the plane perpendicular to constant vector N, therefore the only constant vector solution to ͑2.14͒ is that CϭN, where is a scalar constant. Substitution of this into ͑2.14͒ leads to (Ϫ P/N) 2 ϭ0, or simply ϭ P/N.
The procedure going from ͑M,N͒ to (, ,ż ) of ͑2.10͒ was originally developed by Langer and Singer 18 when they studied the properties of elastic curves. In the elastic rod model above, if we set ␥ϭ0 and M-e 3 ϭ0, then the elastic rod becomes unshearable, inextensible, and untwistable, but bendable, i.e., its centerline becomes an elastic curve. Shi and Hearst ͑Ref. 15͒ have relaxed the condition M-e 3 ϭ0 and have extended this procedure to obtain closed-form solutions for the centerline of the unshearable and inextensible, but bendable and twistable rod. The procedure of going from (, ) of ͑2.10͒ to (, ) of ͑2.11͒ is new. We consider ͑2.11͒ as one of the main results of this paper. In the rest of this paper, we will show that the condition ␥ϭ0 can also be relaxed, that ( ,ż ) of ͑2.12͒ can also be integrated, and that closed-form solutions can be obtained for the centerline of a rod which is shearable and extensible as well as bendable and twistable.
III. DERIVATION OF GENERALIZED NONLINEAR SCHRÖ DINGER EQUATIONS
A. Constants of motion
As in Sec. II, we consider only the case where the external force and torque are set to zero, i.e., ͑N (e) ,M (e) ͒ϭ͑0,0͒. We substitute ͑2.2͒-͑2.4͒ into ͑2.1͒ and write X ϭ͚ iϭ1 3 X i e i , where XϭM, N, , ␥, obtaining six first-order differential equations for six unknowns
where ϭa(1Ϫ 2 ).
We remark that when a→0 we have →0, and (␥ 1 ,␥ 2 , ␥ 3 )ϭa(N 1 ,N 2 , 2 N 3 )→0. Hence ͑2.2͒ becomes Ṙ ϭe 3 , and ͑3.1͒ reduces to a set of equations which describe the equilibrium states of the inextensible and unshearable rod ͓cf. Eq. ͑3.3͒ of Ref. 15͔. Shi and Hearst ͑Ref. 15͒ have recently studied in detail the ϭ0 version of system ͑3.1͒ and have obtained closed-form solutions for the centerline of the inextensible, unshearable rod.
In view of ͑3.1f͒, we know that the scalar product of the internal torque, M(S) and the unit tangent vector, e 3 (S), is a constant of motion; namely
͑3.2͒
Physically this equation says that excess twist is uniformly distributed with respect to S, the arclength of the initially undeformed rod, which is not the current arclength of the deformed rod, s(S). This leaves us only two components of internal torque, namely M 1 and M 2 , to be determined. We can also multiply ͑3.1d͒, ͑3.1e͒, and ͑3.1c͒, by M 1 , M 2 , and (1ϪN 3 ), respectively, and add them together and integrate, finding another constant of motion
The scalar product of the internal torque M(S) and the internal force N(S), as we mentioned earlier, is also a constant of motion,
͑3.4͒
This result can be verified by taking the scalar products of ͑2.1a͒ with M(S) and of ͑2.1b͒ with N(S) and adding them together.
The internal force N(S) is a constant vector in lab frame, thus we have
͑3.5͒
This result can be verified by taking the scalar products of ͑2.1a͒ with N(S). Thus N 3 is related to N 1 and N 2 , and this leaves us with two components of the internal force yet to be determined.
B. Complex force and generalized nonlinear Schrö dinger equations
A strategy of this paper is to define a complex torque M(S) as M(S)e
ibS/2 ϭM 1 (S)ϩiM 2 (S) and a complex force N (S) as N (S)e ibS/2 ϭN 1 (S)ϩiN 2 (S), where b ϭ2 3 ͑0͒ Ϫ͑1Ϫ2 1 ͒Q. From ͑3.1d͒ and ͑3.1e͒, we get
Likewise from ͑3.1a͒ and ͑3.1b͒, we obtain
͑3.6b͒
In what follows we will assume that 0ϽN 3 2 ϽN 2 . The cases of ͑1͒ N 3 2 (S)ϭ0 for all S, and ͑2͒ N 3 2 (S)ϭN 2 for all S, will be considered in Appendix B.
We can eliminate M(S) or N (S) from ͑3.6a͒ and ͑3.6b͒, obtaining
͑3.7b͒
Finally we eliminate N 3 from ͑3.7a͒ by substituting ͑3.5͒ into ͑3.7a͒, while setting (S)ϭN (S)/N, obtaining
where 0Ͻ͉͉ 2 Ͻ1 and ⑀ϭsign(N 3 ). We can also eliminate (1ϪN 3 ) from ͑3.7b͒ by substituting ͑3.3͒ into ͑3.7b͒, while remembering
where ⑀Јϭsign(1ϪN 3 ). The left-hand sides of Eqs. ͑3.8a͒ and ͑3.8b͒ resemble the time-independent cubic nonlinear Schrödinger equation. Thus we may call Eqs. ͑3.8a͒ and ͑3.8b͒ the generalized time-independent nonlinear Schrödinger equations. Equation ͑3.8͒ is one of the main results of this paper. In practice, one needs only to solve one of the two second-order nonlinear ordinary differential equations of ͑3.8͒, say ͑3.8a͒, for (S) ϭN (S)/N, since the solution for the other variable, say M(S), is readily given by ͑3.6b͒. This we shall proceed to do.
IV. THE CLOSED-FORM SOLUTION FOR THE COMPLEX FORCE (S)
A. Separation of real and imaginary parts of (S)
Let (S) ϭ ͱr(S) exp͕i(S)͖ where r(S) (0Ͻr(S) Ͻ1) and (S) are two real functions of S. Now the separation of the real part and the imaginary part of ͑3.8a͒ leads to:
.1b͒ is a first-order linear differential equation for . It can be solved readily; the result is
where J is a constant of integration. Substitution of ͑4.2͒ into ͑4.1a͒ leads to
͑4.3b͒ When U(r) is set to zero, Eq. ͑4.3a͒ becomes a limiting case of one of the 50 integrable second-order nonlinear differential equations in Ince's classification, 19 and it has the following first integral ṙ 2 ϭ4(rϪ1)(N 2 r 2 ϪC 1 rϩQ 2 ), where C 1 is a constant of integration. Thus we assume that Eq. ͑4.3a͒ has the following first integral
where the function V(r) is to be determined. Substitution of ͑4.4a͒ and its S derivative into ͑4.3͒ leads to a linear first-order ordinary differential equation for V(r), and the solution is given by
where C 2 is another constant of integration. From ͑4.3͒ to ͑4.4͒, we obtain two constants of integration ͑C 1 and C 2 ͒, even though we have integrated only once ͑although in two steps͒. It can be shown in ͑4.5͒ below that C 1 and C 2 appear only in combination through the constant C, which is defined as CϭC 1 ϩC 2 J. We now proceed to solve ͑4.4͒ by defining a new real dependent variable (S) such that (S)ϭ⑀ ͱ1Ϫr(S) (0 .5͒ can be readily solved, as shall be discussed in part B of Sec. IV, in terms of the Jacobi elliptic functions.
Ͻ͉(S)͉Ͻ1
B. Solutions for the normalized tension (S) when >0
For the elastic rod with constitutive relations like ͑2.4a͒ and ͑2.4b͒, the quantity is related to Poisson's ratio ␦, via ϭ2␦ϩ1. We now assume that Ͼ0, which is equivalent to ␦ϾϪ 1 2 . This range includes most of the elastic materials of interest. We will mention in part C of Sec. IV what happens when р0. We also assume that the extension or compression of the centerline of the rod is small compared to its relaxed length. Thus we may require that
͑4.6a͒
Inequalities ͑4.6a͒ can be satisfied if
.5͒ can then be simplified as
where is the new independent variable, defined as ϭͱNS, and where i (iϭ1,2,3,4) are four roots of P 4 (). We can then express the constants of integration (N,C, J,Q) as follows:
The quantity CM in ͑4.8a͒ is the coordinate of the ''center of the mass'' if unit mass is distributed at each of four roots. From ͑4.6b͒ and ͑4.8a͒, we obtain
Thus in addition to the condition 0Ͻ͉͉͑͒Ͻ1, we must also require that ͑4.8c͒ be non-negative and that ͑4.9͒ holds. The solution of Eq. ͑4.7͒ was recently discussed in detail by Florjánczyk and Gagnon 20 when they searched for the exact solutions for a higher-order nonlinear Schrödinger equation. If the polynomial P() has multiple roots, then Eq. ͑4.7͒ has singular, rational, periodic, and solitary wave solutions. If the polynomial P() has four different roots, then Eq. ͑4.7͒ has periodic bounded ͑or singular͒ solutions.
For convenience we will assume that P() has four different roots, and we will only concern ourselves with the bounded periodical solutions, since our ͑͒ is bounded ͑0 Ͻ͉͉͑͒Ͻ1͒. From ͑4.7͒ and ͑4.8͒ we also obtain
Thus taking parameters ( 1 , 2 , 3 , 4 ,u,) to be real, we may write the non-negative polynomial P() for bounded ͑͒ in one or another of the following generic expressions:
Case (1a)
For case ͑1a͒ we must require that 1 Ͼ 2 у1Ͼ 3 Ͼ Ͼ 4 Ͼ0, in order that it always be true that CM Ͼ2 Ϫ1 ϩ͑2͒
Ϫ1
and P(ϭ1)ϭϪ(JϪQ) 2 р0. Therefore we need to choose ⑀ϭsign͑͒ϭ1.
We now discuss this case in detail. The solution of ͑͒ is now given by ͑Refs. 20 and 21͒
where sn(x)ϵsn(x͉) is the Jacobi sinus amplitudinus elliptic function, 22 and where is the modulus of the elliptic function. The parameters (,,w) are related to four roots of polynomial P(), via,
͑4.12c͒
For convenience we choose, instead of four real roots i (iϭ1,2,3,4), the following four parameters ͑,,␣,␤͒ as our independent parameters. The four parameters satisfy 0Ͻ ϽϽ1, and 0Ͻ␣Ͻ␤Ͻ1. The parameters and are defined in ͑4.12a͒ and ͑4.12b͒, and the parameters ␣ and ␤ are defined as 3 ϭ␤, 4 ϭ␤Ϫ␣.
͑4.13a͒
We can now solve ͑4.12a͒ and ͑4.12b͒ and ͑4.13a͒ for 1 and 2 in terms of ͑,,␣,␤͒, and the results are
The conditions that (JϮQ) 2 у0 can be expressed in terms of ͑,,␣,␤͒, and they become 
Thus we conclude that ͑4.14c͒ and ͑4.15͒ must be satisfied. This completes our discussion of case ͑1a͒.
Case (1b)
For case ͑1b͒, we set ϭϪ and ( 1 , 2 , 3 , 4 ) ϭ(Ϫ 3 ,Ϫ 4 ,Ϫ 1 ,Ϫ 2 ) in ͑4.7͒ and ͑4.8͒. We find that we must require that 1Ͼ 3 ϾϾ 4 Ͼ0ϾϪ1у 1 Ͼ 2 , in order that it always be true that CM ϭϪ CM Ͼ2 Ϫ1 ϩ͑2͒ Ϫ1 and P(ϭ1)ϭϪ(JϪQ) 2 р0. Therefore we need to choose ⑀ϭsign͑͒ϭϪ1.
The solution of () is the same as in ͑4.11͒ with the exchange of ↔ and i ↔ i . Similarly we choose, instead of four real roots i (iϭ1,2,3,4) , the following four parameters ͑,,␣,␤͒ as our independent parameters. The four parameters satisfy 0ϽϽϽ1, and 0Ͻ␣Ͻ␤Ͻ1. The definitions of ͑,,␣,␤͒ are the same as in ͑4.12a͒ and ͑4.12b͒ and 
Thus we conclude that ͑4.17d͒ and ͑4.18͒ must be satisfied.
We may now combine the results for cases ͑1a͒ and ͑1b͒, rewrite the solution for as
where i ↔ i for case ͑1b͒ is to be understood.
Case (2)
For case ͑2͒ we must require that 1Ͼ 1 Ͼ⑀Ͼ 2 Ͼ0 to obtain a bounded solution for . The solution of ͑͒ of ͑4.7͒ is now given by ͑Refs. 20 and 23͒
͑4.20͒
where cn͑͒ϵcn͉͑͒ is the Jacob cosinus amplitudinus elliptic function ͑Ref. 21͒, and where
, wϭͱAB ͑4.21a͒
and where
͑4.21b͒
For convenience we choose, instead of four roots, 1 , 2 , 3 ϭuϩiv, and 4 ϭuϪiv, the following four positive parameters ͑,,␣,␤͒ as our independent parameters. These four parameters satisfy 0Ͻ, Ͻ1, and 0Ͻ␣Ͻ␤Ͻ1. The parameter is defined in ͑4.21a͒, the other parameters are defined as ϭ2AB/͑A 2 ϩB 2 ͒, 1 ϭ␤, 2 ϭ␤Ϫ␣, ͑4.22a͒
We can now solve ͑4.21͒ and ͑4.22a͒ for A and B in terms of ͑,,␣,␤͒, and the results are 
͑4.22b͒
The parameters u and v can be solved from ͑4.21b͒ and ͑4.22b͒, and the results are
͑4.24͒
C. Solutions for the normalized tension (S) when р0
When Ͻ0, we can rewrite ͑4.5͒ as
where is the new independent variable, defined as ϭ ͱ͉͉NS, and where i (iϭ1,2,3,4) are four roots of P 4 (). We again assume the P 4 () has four different roots and we will only concern ourselves with the bounded periodical solutions, since our ͑͒ is bounded ͑0Ͻ͉͉͑͒Ͻ1͒. We find that the non-negative polynomial P 4 () for bounded ͑͒ can only be written in the following way:
When ⑀ϭsign͑͒ϭ1 the solution of ͑͒ is now given by ͑Refs. 20 and 24͒
͑ ͒ϭ
The parameters (,,w) are related to four roots of polynomial P(), via,
͑4.27c͒
For convenience we choose, instead of four real roots i (iϭ1,2,3,4), the following four parameters ͑,,␣,␤͒ as our independent parameters. The four parameters satisfy 0ϽϽϽ1, and 0Ͻ␣Ͻ␤Ͻ1. The parameters and are defined in ͑4.27a͒ and ͑4.27b͒, and the parameters ␣ and ␤ are defined as
We can now solve ͑4.27a͒ and ͑4.27b͒ and ͑4.28a͒ for 1 and 4 in terms of ͑,,␣,␤͒, and the results are 1 ϭ␤ϩ␣ 1Ϫ
, 4 ϭ␤Ϫ␣ 1Ϫ Ϫ .
͑4.28b͒
The conditions that (JϮQ) 2 у0 can be expressed in terms of ͑,,␣,␤͒, and they become ͭ ␣͑1Ϫ͒ϩ͑1ϩ␤͒у0, ␣͑1Ϫ͒у͑1ϩ␤͒͑Ϫ͒. The solution of () is the same as in ͑4.26͒ with the exchange of ↔ and i ↔ i . Similarly we choose, instead of four real roots i (iϭ1,2,3,4), the following four parameters ͑,,␣,␤͒ as our independent parameters. The four parameters satisfy 0ϽϽϽ1, and 0Ͻ␣Ͻ␤Ͻ1. They are the same as in ͑4.27͒ and ͑4.28͒ with i ↔ i . The conditions that make inequality (JϮQ) 2 у0 hold are the same as ͑4.29͒.
When ϭ0, we can rewrite ͑4.5͒ as ͑with ϭ ͱ2NS͒
The constants of motion are now given by
The solutions of ͑4.30͒ have also been discussed in detail by Florjánczyk and Gagnon ͑Ref. 20͒. If the polynomial P 3 () has multiple roots, then ͑4.20͒ has singular, rational, periodic, and solitary wave solutions. If the polynomial P 3 () has three different roots, then ͑4.30͒ has periodic bounded ͑or singular͒ solutions. Only when the polynomial P 3 () has three different real roots, does ͑4.32͒ have a periodic bounded solution, which can be expressed as ͑for
where
͑4.33͒
Substituting ͑4.33͒ into ϭ0 version of ͑3.3͒, we obtain 2 ϭ͑2EϪ2N 3 ͒Ϫ͓2N͑ 2 Ϫ 3 ͔͒sn 2 ͑ w ͒, ͑4.34͒
where ϭ ͱ 1 2 ϩ 2 2 ϭ ͱM 1 2 ϩM 2 2 is the curvature of the centerline of the inextensible and unshearable rod. The solution ͑4.34͒ resembles ͑4.2a͒ of Ref. 15 . We believe these two solutions to be identical, but we will not pursue the proof here.
D. Reassembly of (S)
Once (S) is solved explicitly, the normalized complex force (S) is given by
͑4.35b͒
From now on we will only consider solutions of (S) for the case of Ͼ0, because ͑1͒ solutions of (S) for the case of Ͻ0 seems to have no physical significance ͑it corresponds to Poisson's ratio ␦ϽϪ 1 2 ͒; ͑2͒ even if solutions of (S) for the case of Ͻ0 have some mathematical significance, the treatment hereafter can be readily extended to cover the case of Ͻ0 ͓see the resemblance of ͑4.11͒ and ͑4.26͔͒; and ͑3͒ the case of ϭ0 has been discussed in detail in Ref. 15 
͑4.39͒
It seems that f ( p;) is complicated, but it can be readily shown that f (p;) is an odd function of and has the same period as that of sn͑͒; namely, 4K(), where K() is the complete elliptic integral of the first kind ͑Ref. 21͒. This solves in principle the generalized nonlinear Schrö-dinger equation ͑3.8a͒. The solutions are determined by four independent parameters; namely ͑␣,␤,,͒. The constants (C,J,N,Q) that we introduced in integration can be readily expressed, via four roots, in terms of ͑␣,␤,,͒. In the next section we will show that the other two constants ͑E,P͒ can also be determined by (C,J,N,Q) and by the mechanical quantity .
V. THE CLOSED-FORM SOLUTIONS FOR THE (S), (S), AND z(S)
A. Solutions for the internal torque M(S) and internal force N(S)
Once the normalized complex force (S) is solved, the internal force N(S) is given by The complex torque M(S)e ibS/2 ϭM 1 (S)ϩiM 2 (S) can also be solved by using ͑3.6b͒. The result can be expressed in terms of known function (S), and its derivatives; namely,
N͑S
M͑S ͒ϭ⑀͑ 1Ϫ͉͉ 2 ͒ Ϫ1/2 ͫ ͑ 3 ͑ 0 ͒ ϩ 1 Q ͒ Ϫie ϪibS/2 d dS ͑ e ibS/2 ͒ ͬ .
͑5.2͒
Since 
͑5.4͒
These two relations apply to all cases discussed in part B of Sec. IV.
B. Solutions for the cylindrical coordinates (S), (S), and z(S)
We now proceed to solve the cylindrical coordinates of the centerline of the rod. We substitute ͑3.2͒-͑3.5͒, ͑5.4͒ and N 3 ϭ⑀N͉͉ into ͑2.11a͒ and ͑2.12͒, obtaining
ż ϭϪaNϪ͑⑀ϪN͉͉͉͉͒.
͑5.5c͒
We note that there is now only one dependent variable, ͉͉, which appeared on the right-hand side of ͑5.5͒. Since ͉͉ has been solved explicitly in terms of rational functions of Jacobi elliptic functions sn͑͒ or cn͑͒, the solution for is just ͑5.5a͒. From ͑5.5b͒ and ͑5.5c͒, we note that and ż are rational functions of ͉͉, thus we can carry out the integration and obtain the explicit expressions for and z.
A key step in integrating ͑5.5b͒ is to write as a linear combination of (͉͉Ϫg 1 ) Ϫ1 and (͉͉Ϫg 2 ) Ϫ1 where the parameters (g 1 ,g 2 ) are given explicitly in Appendices C and D.
Solutions for cases (1a) and (1b)
We substitute ͑4.19͒ into ͑5.5a͒, ͑5.5b͒, and ͑5.5c͒, after rearrangement, writing ͑5.5b͒ and ͑5.5c͒ as ͑with ϭqS͒
͑5.5e͒
We then use the standard integration formulas for Jacobi elliptic functions, 27 obtaining solutions for the cylindrical coordinates of the centerline of the elastic rod; namely 2 
Solutions for case (2)
We substitute ͑4.20͒ into ͑5.5a͒, ͑5.5b͒, and ͑5.5c͒, after rearrangement, writing ͑5.5b͒ and ͑5.5c͒ as ͑with ϭqS͒
͑5.5g͒
We then use the standard integration formulas for Jacobi elliptic functions, 28 obtaining solutions for the cylindrical coordinates of the centerline of the elastic rod; namely ͑with ϭqS, 
͑5.8c͒
In 
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We consider solution ͑5.6͒ and ͑5.8͒ to be another main result of this paper. In an effort to visualize the geometric forms represented by ͑5.6͒ and ͑5.8͒, we separate from ͑5.6͒ and ͑5.8͒ the parts that are constant or linear in and the parts that are periodic in , and rewrite ͑5.6͒ as ͑with ϭqS͒
where f 1 () is an even function of and f 2 (), f 3 (), F 2 (), and F 3 () are odd functions of . The functions f i () (iϭ1,2,3) are periodic functions of ͓with period 2K() for cases ͑1a͒ and ͑1b͒ and 4K() for case ͑2͔͒. The functions F 2 (), and F 3 () are also periodic functions of but with period 2K(). The functions f i () (iϭ1,2,3) and the parameters a i (iϭ1,2,3) are defined in Appendix C for cases ͑1a͒ and ͑1b͒ and in Appendix D for case ͑2͒. The functions F 2 () are F 3 () are also defined in Appendix D. Thus we conclude that the general case ͑1a͒ and case ͑1b͒ solutions ͑5.9͒ can be viewed as a helix-on-a-linearhelix, i.e., DNA wraps around an imaginary rod whose centerline is itself a linear helix. The first terms of the cylindrical coordinates, ͕ ͱa 1 ,a 2 ,a 3 ͖, describe the linear helix and the second terms, ͕ f 1 (), f 2 (), f 3 ()͖, describe the wrapping of DNA around the imaginary rod whose centerline is described by the first terms. This feature is the same as that of the inextensible and unsherable rod ͓cf. Eq. ͑4.19͒ of Ref.
15͔.
The general feature for the general case ͑2͒ solutions ͑5.10͒, however, is different from that of ͑5.9͒. In addition to terms ͕ f 1 (), f 2 (), f 3 ()͖ with period 4K(), there exist extra terms ͕F 2 (),F 3 ()͖ with period 2K(). The presence of ͕F 2 (),F 3 ()͖ means that the wrapping of DNA contains extra double frequency terms in the azimuthal ͑a ͒ direction and in the vertical ͑a z ͒ direction but not in the radial ͑a ͒ direction. We refer to these new solutions as overtone modulated helix-on-a-linear-helix solutions ͑OMHH͒.
C. Euler rotation matrix
We now derive the expression for the transformation matrix T that transforms vectors from lab frame to rod frame. We define the unit vectors of the cylindrical rod frame as Let a I ͑with index I running , , z͒ denote the unit vectors of the cylindrical lab frame defined in ͑2.6͒-͑2.8͒. After considerable Mathematica ͑Ref. 26͒ calculations using ͑2.6͒-͑2.8͒ and ͑5.11͒, we obtain a relation between the cylindrical rod frame and the cylindrical lab frame, namely
where index I runs r, , 3, and index J runs , , z. The Einstein convention of summation of repeated indices over their ranges are assumed throughout this part C of Sec. V. Symbol T T is the transport of T, and the transformation matrix T͑,͒ is given by
͑5.13͒
The cylindrical lab frame is related to Cartesian lab frame via
whereas the cylindrical rod frame is related to Cartesian rod frame via
where index j runs x, y, z, and index i runs 1,2,3. The angle in ͑5.14͒ is given by ͑5.6b͒ or ͑5.8b͒ and angle in ͑5.15͒ is given by ͑4.36͒ or ͑4.38͒. The rotation matrix V͑␤͒ is defined as
͑5.16͒
Thus we obtain a closed-form expression for the Euler rotation matrix R, which rotates the Cartesian lab frame to the Cartesian rod frame, namely,
The inverse of Euler matrix is given by
We note that the Euler rotation matrix R of ͑5.17͒ is not the conventional Euler rotation matrix E which rotates a x to e 1 , a y to e 2 , and a z to e 3 ; or simply e i ϭE-a i .
D. Boundary conditions and elastic energy
We may now impose different boundary conditions on the solution ͑5.9͒ ͓or ͑5.10͔͒ to obtain different shapes of the centerline of a rod in stationary states. Although any kind of boundary condition can be imposed, we will only concern ourselves here with periodic boundary conditions. Let L DNA be the actual DNA length, we get, from part A of Sec. II, the dimensionless length Lϭ͑A/4͒ Ϫ1/2 L DNA . Let n be the number of periods of (S) when S evolves from 0 to L.
͑1͒ If we require
where l is an integer, then we obtain a set of closed toroidal helix ͑TH͒ solutions ͓or overtone modulated toroidal helix ͑OMTH͒ solutions͔. These toroidal helices may or may not be knotted and can be characterized by two integers ͕n,l͖.
͑2͒ If we require
where l is an integer, then we obtain a set of helix-on-alinear-helix ͑HH͒ solutions ͓or overtone modulated helix-ona-linear-helix ͑OMHH͒ solutions͔. These shapes may or may not be knotted and can be characterized by two integers ͕n,l͖ and one positive number which satisfies 0Ͻр1. For all curves of these forms, the periodicity of the solutions assure that where pϭ1,2,. .. . For both cases above, we may also impose a boundary condition on the complex force
then the unit vector e 1 (S) winds m turns with respect to e (S) of ͑5.11͒ when S varies from 0 to L. We notice that ͑5.21a͒ is equivalent to ͑5.19a͒ and ͑5.20a͒, since 2 (S) is a rational function of (S).
Finally, the bending energy, twist energy, shear energy, extension energy, and total elastic energy can be expressed as
The quantities I 1 and I 2 are given explicitly in Appendix C for cases ͑1a͒ and ͑1b͒ and in Appendix D for case ͑2͒. The total elastic energy is then given by U total ϭU bend ϩU twist ϩU shear ϩU extension .
͑5.24͒
E. The curvature (S) and torsion (S) and current arclength s(S)
We now calculate the current arclength parameter s(S), the curvature (S) and the torsion (S) of the centerline of the rod. The curvature (S) and torsion (S) have played essential roles in the reduction of the equations that describe the stationary states of the inextensible and unshearable rod ͑Ref. 15͒. Being natural polar coordinates in the rod frame for the extensible and shearable rod, the quantities ͉(S)͉ and (S) of Sec. IV played the same roles as (S) and (S) did for the inextensible and unshearable rod. Nevertheless we will show that (S) and (S) for the extensible and shearable rod can be expressed in terms of rational functions of (S). These formulas might be useful in obtaining explicit expressions for the writhe ͑Wr͒ of the axis of closed DNA, as has been done for the inextensible and unshearable rod ͑Ref. 15͒. Denote ⌫ and ⌫ v two closed space curves traced out by the vectors R(S) and R(S)ϩr DNA v(S), respectively. The symbol r DNA stands for the radius of the undeformed DNA duplex, which satisfies r DNA ӶL. The symbol v(S) stands for an unit vector perpendicular to the unit tangent vector, t(S) ϭṘ (S)/͉Ṙ (S)͉, of the curve ⌫. It is well known that for such two closed space curves, ⌫ and ⌫ v , the fundamental relationship applies:
where Wr͑⌫͒ is the writhe of curve ⌫, Lk͑⌫ v ,⌫͒ is the linking number of curves ⌫ v and ⌫, and Tw͑⌫ v ,⌫͒ is the twist of curve ⌫ v with respect to curve ⌫. The application and/or generalization of the fundamental relationship to the extensible and shearable rod will be discussed elsewhere. The curvature and the torsion of a three-dimensional space curve R(S) ͑with S being parameter͒ are given by 2 
In the following calculation we also need the expression ė i ϭ؋e i . From ͑2.2͒, ͑2.3b͒, and ͑2.4d͒, we obtain 
where parameters A's, B's, C's, D's, and E's are defined in Appendix E in terms of the parameters ͑a, E, , N, P, Q͒ that we introduced before. Using ͑4.5͒ and its S derivative we know that 2 ϭ P 4 () and ϭ P 3 () where P n () stands for a generic nth-order polynomial of . Therefore, we can symbolically write
Consequently, we can symbolically express curvature and torsion as
The current arclength parameter s of the centerline of the rod is defined as
From ͑4.5͒, we obtain dS ϭ d/ͱP 4 (). Substituting this and ͉Ṙ (S)͉ ϭ ͱP 2 () into ͑5.36͒, we obtain
which can be rewritten as
where Q 6 ()ϭ P 2 () P 4 () is another sixth-order polynomial of . Thus we conclude that the current arclength parameter s can be expressed as a linear combination of hyperelliptic integrals of the first kind and the second kind.
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VI. CONCLUSIONS
The general solutions for the time-independent nonlinear Schrödinger equations ͑3.8͒ represent the stationary states of the extensible, shearable and bendable rod with twist. While these solutions apply to rods with far more general mechanical properties than those previously considered by these authors, the character of the solutions remain very similar. For example, the closed-end solutions are toroidal helices ͑or overtone modulated toroidal helices͒ characterized by three integers l, m, and n, where l specifies the number of times that the centerline winds along the z axis of lab frame, m specifies the number of times that the unit vector e 1 winds past the unit vector e defined in ͑5.11͒, and n specifies the number of loops in the toroidal helices. The solutions presented here do not include the cases of interchain touching and therefore do not include the representation of the extensible, shearable rod in interwound ͑plectonemic͒ conformation. This case will be considered in a subsequent paper.
It is of interest that, while the more general solutions presented in this manuscript relative to the solutions in Shi and Hearst ͑Ref. 15͒ represent the properties of a more complex and more realistic representation of real rods ͑and DNA͒, the general features of the case ͑1͒ solutions ͑5.9͒ appear not to be affected in a major way. As an example, the solutions represented by ͑5.9͒ for ͕,,z͖ contain a constant or linear term in S, which represents a simple linear helix followed by periodic terms of identical periods which create a superhelical structure around the linear helix. As a second example, the toroidal helix solutions for the closed rod presented by Shi and Hearst ͑Ref. 15͒ deviate in cross section from being perfectly circular, and the same will be true for these new solutions, although the deviations may themselves be slightly different. Nevertheless, it is anticipated that in both cases, the visual appearance of the cross sections of toruses with large n will be nearly circular.
The general features of the case ͑2͒ solutions ͑5.10͒ introduce a first overtone modulation to the simple helix-on-alinear-helix. Solutions of this character have not been described before, and they are of particular interest, for the eight protein subunit structure of the nucleosome core particle may have a symmetry which is compatible with this predicted modulation. 32 Graphic representations of these new closed-form solutions for the extensible, shearable rod are more difficult and time consuming to generate, so they have been postponed to a later publication. The fact that the shearable and extensible rod has totally integrable solutions is a revelation of considerable historic importance. Such solutions had been sought previously without success. It is our belief that the use of a differential equation related to the nonlinear Schrödinger equation has contributed in a significant way to our ability to discover these solutions. In addition, the focus upon cylindrical coordinates for both the internal coordinates of the rod and for the laboratory coordinates has simplified the transformation between these two coordinate systems. 
APPENDIX A
In this appendix, we consider all the special cylindrical coordinate solutions that are associated with the condition ͓cf. ͑2.5͔͒
⌽ϭ͑N-M͒NϪ͉N͉
2 Mϵ0 ͑A1͒
and which, therefore, cannot be directly obtained by using the integration procedure of part B of Sec. II. Although these special solutions might be obtained from the general solutions after the limit ⌽→0 is carefully taken, it is much easier to obtain them directly from the vector field expressions for N and M. We will show that when ͑A1͒ holds, the curvature and the torsion of the centerline of the rod are constants ͑including zero͒. We first copy, from part E of Sec. V, the formulas for Ṙ and the curvature and the torsion in terms of the S derivatives; namely
In the following calculation, we also need to remember that
There are three cases where ⌽ϭ0: ͑1͒ Mϭ0; ͑2͒ Nϭ0; ͑3͒ N and M are nonzero and are parallel or antiparallel to each other. We now consider them separately.
Case ͑1͒ Mϭ0. We obtain, from ͑2.3a͒ and ͑3. 
͑A7͒
There are limiting cases: ͑a͒ when Qϭ0, we obtain ͕a,b,c͖ϭ͕͑2E͒
,0͖, and the centerline of the rod becomes a planar circle in the xϪy plane, and the rod has no twist; ͑b͒ when Eϭ0, we obtain ͕a,b,c͖ϭ͕0,0,Ϯ1͖ ͑where we need to take the Q→0 limit, because otherwise b is undetermined͒, and the centerline of the rod becomes a straight line along the z axis, and the rod has no twist.
Case ͑3͒ N and M are nonzero and are parallel or antiparallel to each other, i.e., Mϭ␤N. From ͑3.4͒ and ͑3.5͒, we obtain ␤ϭ P/N, i.e., ␤ is constant. Consequently, we obtain, from ͑3.3͒, and ͑3.5͒, that Using ͑A3͒ and ͑A4͒ we conclude that and are constants ͑including zero͒. There are three possibilities for and to be constant: ͑1͒ Ͼ0 and 0 ͑this represents a linear helix͒; ͑2͒ Ͼ0, ϭ0 ͑this represents a circle͒; ͑3͒ ϭ0, ϭ0 ͑this represents a straight line͒.
As pointed out by a reviewer of this manuscript, one can show that, in the case of the inextensible, unshearable rod, it is impossible for the torque M and the force N to be nonzero and collinear when the centerline of the rod is a linear helix. Whether this is true in the case of the extensible and shearable rod remains an open question at this time.
APPENDIX B
In this appendix, we consider all the special cylindrical coordinate solutions that are associated with the conditions of ͑1͒ N 3 2 (S)ϭ0 for all S, and ͑2͒ N 3 2 (S)ϭN 2 for all S ͑cf. part B of Sec. III͒. We will show that when either of these hold, the curvature and the torsion of the centerline of the rod are constants.
Case ͑1͒ N 3 2 (S)ϭ0. We obtain from ͑A2͒ that Ṙ ϭe 3 ϩaN. From ͑3.3͒-͑3.5͒ we get ͑ Ṙ ؋R ͒-R ᠮ ϭϪN Pϩ2E͑QϩaN P ͒. ͑B5͒
Thus we find again, using ͑A3͒ and ͑A4͒, that the curvature of torsion are constants ͑including zero͒. There are three possibilities for and to be constant: ͑1͒ Ͼ0 and 0 ͑this represents a linear helix͒; ͑2͒ Ͼ0, ϭ0 ͑this represents a circle͒; ͑3͒ ϭ0, ϭ0 ͑this represents a straight line͒.
As pointed out by a reviewer of this manuscript, one can show that, in the case of the inextensible, unshearable rod, it is impossible to have N 3 2 ϭ0 and N 0, when the centerline of the rod is a linear helix. Thus we find again, using ͑A3͒ and ͑A4͒, that the curvature of torsion are constants ͑including zero͒. There are three possibilities for and to be constant: ͑1͒ Ͼ0 and 0 ͑this represents a linear helix͒; ͑2͒ Ͼ0, ϭ0 ͑this represents a circle͒; ͑3͒ ϭ0, ϭ0 ͑this represents a straight line͒.
As pointed out by a reviewer of this manuscript, one can show that, in the case of the inextensible, unshearable rod, it is impossible to have N 3 2 ϭN 2 when the centerline of the rod is a linear helix or a circle. Whether this is true in the case of the extensible and shearable rod remains an open question at this time.
APPENDIX C
We list here all the parameters and constants that one needs in order to plot the centerline of a rod for case ͑1a͒ and ͑1b͒ using formulas for ͕(S),(S),z(S)͖ in ͑5.6͒. These parameters and constants are listed in the order of their appearance in an actual calculation. All of them originate from four independent parameters ͑,,␣,␤͒. These four parameters satisfy 0ϽϽϽ1, and 0Ͻ␣Ͻ␤Ͻ1. The extra conditions that these parameters must satisfy are also listed in the appropriate places. We also assume that the mechanical constant is given. For simplicity, we ͑1͒ use suffix a for case ͑1a͒ and suffix b for case ͑1b͒ when we number some of the equations; ͑2͒ include in some other equations the symbol ⑀ϭsign͑͒ to distinguish case ͑1a͒ where ⑀ϭ1 from case ͑1b͒ where ⑀ϭϪ1; ͑3͒ dedicate all the equations that do not bear suffix a, or b and symbol ⑀ to both cases ͑1a͒ and ͑1b͒. Symbols K, E, and ⌸( p) represent the complete elliptic integrals of first, second, and third kind, respectively. The function Z(x)ϵZ(x͉), known as the Jacobi's zeta function, defined as Z(x͉)ϵE(x͉)Ϫx(E/K), is the periodic version of the incomplete elliptic integral of the second kind, E(x͉ 
